Abstract. We renormalize six dimensional φ 3 theory in the modified minimal subtraction (MS) scheme at four loops. From the resulting β-function, anomalous dimension and mass anomalous dimension we compute four loop critical exponents relevant to the Lee-Yang edge singularity and percolation problems. Using resummation methods and information on the exponents of the relevant two dimensional conformal field theory we obtain estimates for exponents in dimensions 3, 4 and 5 which are in reasonable agreement with other techniques for these two problems. The renormalization group functions for the more general theory with an O(N ) symmetry are also computed in order to obtain estimates of exponents at various fixed points in five dimensions. Included in this O(N ) analysis is the full evaluation of the mass operator mixing matrix of anomalous dimensions at four loops. We show that its eigen-exponents are in agreement with the mass exponents computed at O(1/N 2 ) in the non-perturbative large N expansion. 
Introduction.
Recently there has been renewed interest in analysing the φ 3 scalar quantum field theory which is perturbatively renormalizable in six spacetime dimensions. This interest in primarily due in the main to the modern development of the original conformal bootstrap method, [1, 2, 3, 4, 5, 6, 7] , to study the fixed point structure of field theories in a nonperturbative way, [8, 9, 10, 11] . One of the aims is, for example, to ascertain whether a conformal window exists and if so for what range of parameters of the symmetry group. Such studies are not limited to two dimensions where the structure of the conformal group being infinite dimensional, is fundamentally different to the finite dimensional conformal group in d > 2 where d is the spacetime dimension. Instead models exhibiting conformal symmetry in three, four and higher dimensions are of interest. One motivation for such studies rested in part on applications to dualities in higher spin AdS/CFT's [12, 13] as well as model building beyond the Standard Model. Indeed in terms of gauge theories the original study in quantum chromodynamics (QCD) of [14] suggested that for a certain range of the number of quarks there could be a nontrivial fixed point in strictly four dimensions. Such a fixed point, which is known as the Banks-Zaks fixed point, may have a connection with the chiral symmetry phase transition, [14] . Another motivation for studying conformal properties in higher dimensional theories rests in trying to generalize properties of theorems such as the two dimensional c-theorem, [15] , to analogues in three and four dimensions. Though to have some insight into such extensions one has to be aware of the fixed point structure of the underlying quantum field theory. In this respect there has been interest in tackling this problem in scalar φ 3 theory in six and lower dimensions. See, for example, [16, 17, 18, 19] for recent in depth studies of the O(N ) symmetric φ 3 theory. For instance, the fixed point structure has been comprehensively studied perturbatively to three loops in [18, 20] . This has also subsequently been extended to the theory with an Sp(N ) symmetry in [21] .
Those works exploit the renormalization of the theory from a generation ago, [22, 23, 24] , when modern multiloop computational techniques were not available. One highlight of [18, 20] was the estimate of the conformal window. It is possible to compute order by order in perturbation theory the value of N as a function of the spacetime dimension for which the stable infrared fixed point ceases to exist. This critical value is denoted by N cr . Evaluating the expression for N cr in five dimensions the one loop result of [25, 18] was that the leading order value is N cr = 1038. Indeed the first examination of the conformal window in six dimensional O(N ) φ 3 theory was given in [25] . In [20] the three loop analysis reduced this to N cr = 64. Such a large reduction gives credence to the hope that the value can be reduced further. Indeed there appears to be support for this in conformal bootstrap analyses, [26, 27, 28] , and moreover the series for N cr in [20] appears to be convergent. However, partly in order to resolve this but mainly for applications to other problems, the primary aim of this article is to extend the work of [22, 23, 24] to four loops. This is now possible given the advances in methods to evaluate high loop massless Feynman diagrams and in particular 2-point functions in the period since [23, 24] . Moreover, while this will involve a large amount of integration such a renormalization could not proceed in the absence of powerful symbolic manipulation languages as well as powerful computing resources. Therefore, we will not only provide a comprehensive analysis of the four loop structure of the renormalization group functions of φ 3 theory in the modified minimal subtraction (MS) scheme, but we will also outline the computational algorithm used. In this respect we will provide the basic four loop massless 2-point function Feynman integrals which are central to the calculations to allow others to extend the programme to other models.
In indicating our analysis will be extensive this not only means that we will focus on the O(N ) symmetric theory but also simpler models where there is no or different symmetry. This is because of the connection of these theories to condensed matter or statistical physics problems.
The simplest such case is the theory with one scalar field. It is of interest because of the relation to the Lee-Yang edge singularity problem, [29] . When the coupling constant of the single field theory is purely imaginary, [29] , then the critical exponent σ, which is determined at the d-dimensional Wilson-Fisher fixed point, is the main quantity of physical interest. It can be determined via the renormalization group functions of the theory. The exponent σ has been estimated by different techniques such as high temperature series and Monte Carlo methods for the discrete dimensions less than six. Several references to such work are [30, 31, 32] , for instance. More recently the conformal bootstrap programme have been applied to it, [33] . With these evidently more powerful methods giving reasonable agreement it is therefore timely to extend the ǫ-expansion analysis of critical exponents to O(ǫ 4 ) where we will use d = 6 − 2ǫ throughout. Not only will this improve the estimates given in [23, 24] but we will follow the method of [32] where constrained Padé approximants were used. Central to this idea is the exploitation of the properties of the underlying two dimensional conformal field theory. There the corresponding critical exponents are known exactly. This information is used like a boundary condition on the Padé approximant and, as will be evident, will significantly improve exponent estimates for large values of ǫ. It will transpire that this analytic perturbative approach will give exponent estimates which are not unreasonable in comparison with numerically intense alternatives. While these comments have been driven by the Lee-Yang edge singularity connection to φ 3 theory, they will equally apply to a similar, in terms of the underlying quantum field theory, but different physical problem. This is the percolation problem which can be formulated in continuum φ 3 theory by a multiplet of scalar fields with a group valued coupling constant, [34] . In the appropriate replica limit the critical exponents at the Wilson-Fisher fixed point equate to the 1-state Potts model and hence percolation. We will provide estimates for a large set of critical exponents in the dimensions between two and six. Again it will be the case that the estimates are in keeping with other approaches.
That we draw attention to these applications in the same context as the recent O(N ) φ 3 theory studies is not unconnected. As outlined in [20] the O(N ) theory has to have a connectivity with an underlying two dimensional conformal field theory in respect of the various critical points which emerge. If ultimately the d-dimensional theory can be identified with such a two dimensional theory then it will open the possibility of extended constrained Padé approximants to the exponents of the various fixed points of the O(N ) theory. Though it is not currently clear what the application to a physical problem is at the moment. One other motivation in [18] was to make the connection of φ 3 theory with O(N ) φ 4 theory in the dimension range 4 < d < 6 at the Wilson-Fisher fixed point via the large N expansion in d-dimensions. It is well known that in 2 < d < 4 the O(N ) φ 4 theory is in the same universality class as the O(N ) nonlinear σ model and the three dimensional Heisenberg ferromagnet. Above four dimensions it turns out that at the Wilson-Fisher fixed point the d-dimensional theory is in the same universality class as one of the O(N ) φ 3 fixed points. So using the large N expansion we can evaluate the four loop d-dimensional critical exponents and compare them with those known from the explicit large N expansion, [35, 36, 37, 38] . This will provide a nontrivial check on our perturbative results. Indeed we will compute the full mixing matrix for the mass operators in the O(N ) case and show the subtlety in connecting the mass eigen-critical exponents with the two separate mass critical epxonents in the d-dimensional O(N ) φ 4 theory. In this context it is interesting to note that the determination of the exponent η at O(1/N 3 ), [37] , was originally evaluated as a function of d by using a d-dimensional conformal bootstrap method but in an analytic as opposed to the modern numerical approach.
The article is organized as follows. We summarize the relevant background to performing the four loop renormalization of the basic six dimensional φ 3 theory in section 2. The notation used throughout is given there as well as the technical details of how the computation was organized.
In particular we emphasise that all the basic renormalization constants can be extracted purely from an evaluation of the 2-point function. Results of this method are summarized in the subsequent section where the renormalization group functions are recorded for various symmetry configurations. Included in this are theories with SU (N c ) symmetry which were examined as early toy examples of the strong interactions. Sections 4 and 5 provide details respectively of the results for the Lee-Yang edge singularity and percolation problems. The final main problem we analyse is the full four loop structure of the O(N ) version of φ 3 theory which is provided in section 6. Conclusions are given in section 7. In addition two appendices are provided. The first gives the ǫ expansions of the relevant basic but nontrivial integrals we needed at four loops. The second extends the three loop results for various values of N given in the appendix A of [28] to four loops but also includes the mass eigen-critical exponents for each fixed point as an expansion in ǫ.
Background.
In this section we outline the technical aspects of the four loop renormalization of six dimensional φ 3 theory. We will consider the theory in different guises depending on the particular application required to extract, for instance, critical exponents. These will depend essentially on different decorations of the underlying Lagrangian, which is
with various symmetry groups. Here g is the coupling constant which is dimensionless in six dimensions. For example, both the Lee-Yang edge singularity and percolation problems can be accommodated with the more general theory, [23, 24] ,
where there are a multiplet of fields φ i and a group theory tensor which is totally symmetric in its indices in addition to a coupling constant g. The Lagrangians for theories with more than one set of fields will be discussed in later sections but the underlying calculational procedure is effectively the same as that introduced here. For (2.2) we use the same assumptions as [23, 24] for the renormalizability of the Lagrangian. Briefly this reduces to two observations. First, for 2-point self-energy graphs, including subgraphs, the product of two coupling tensors satisfies
where we use a different and more systematic notation here compared to [23, 24] for what corresponds to the group theory Casimirs. The second assumption in [23, 24] is that the product of coupling tensors is such that if the product has three free indices then it is proportional to d ijk itself. In this way (2.2) will clearly be renormalizable. Given this it might be thought that there is a sizeable number of group invariants which can appear at high loop order. This is not the case as it transpires that to four loops the following Casimirs suffice to write the renormalization group functions in a concise form. These are
where we have included the previous invariants up to three loops of [23, 24] . So at most there are nine new group invariants at four loops in principle. Though it will turn out that while these nine correspond to different graph topologies the four loop Casimirs, T 9m , do not all have distinct values. The syntax here is that the first label on T n corresponds to the number of tensors d ijk in the product and the second label distinguishes between different invariants. If the first label is even then it arises in a 2-point function while an odd label indicates an invariant which will appear in the coupling constant renormalization. Labelling the actual group indices in each product in (2.4) with subscripts allows one to straightforwardly construct the underlying topologies graphically. Each paired index corresponds to a propagator and these will join at vertices defined by each coupling tensor. To make contact with the notation used in [23, 24] for the invariants up to three loops, we note that T 2 = α, T 3 = β, T 5 = γ, T 71 = δ and T 72 = λ when one observes that the defining graphs given in Figure 1 of [23] appear in reversed mirror image. We prefer the notation T n here to avoid confusion with the standard notation of various critical exponents which also use Greek letters.
Although the renormalization of both (2.1) and (2.2) are the same we will focus the technical discussion on the former as the extension to tensor couplings is not onerous. For (2.1) we have to determine the wave function and coupling constant renormalization constants. Once these have been established then the determination of the mass anomalous dimension follows as a corollary even though the Lagrangian is massless. Indeed we work with massless fields throughout as this renders the four loop β-function accessible with a relatively minimal amount of computation. The first stage is to compute the 2-point and 3-point functions of (2.1). The Feynman graphs are generated using the Qgraf package, [39] . There are respectively 1, 2, 10 and 64 one, two, three and four loops diagrams to evaluate to the simple pole in ǫ in dimensional regularization which we use throughout. Indeed we note that the index labelling in (2.4) is based on the Qgraf output. We note that throughout our convention is d = 6 − 2ǫ. For the 3-point vertex the respective numbers are 1, 7, 56 and 540 which is an order of magnitude increase at four loops compared to the 2-point case. However, we will compute the coupling constant renormalization constant for (2.1) purely from the 2-point graphs by exploiting certain properties of the specific field theory. It is based on the following observation. If for the moment one considers the massive extension of (2.1) then the propagator can be formally expanded in powers of m 2 where m is the mass via 1
The first term on the right hand side of course corresponds to the massless theory. However, the second term represents the zero momentum insertion of the unit operator on a propagator. Diagrammatically for the self energy renormalization this corresponds to a 2-point function with a zero momentum insertion but more importantly this term would correspond to a 3-point function graph where one of the external legs has a nullified momentum. In other words this would be equivalent to a graph contributing to the coupling constant renormalization. As we are computing in dimensional regularization and only interested in the MS renormalization scheme the coupling constant renormalization constant can be correctly extracted from this nullified external momentum configuration. Indeed in four dimensional gauge theories this is the standard procedure for three loop renormalization [40, 41] . One concern is that nullifying an external momentum in (2.1) could introduce unwanted infrared divergences which would be indistinguishable from ultraviolet ones in dimensional regularization. Indeed in four dimensions if a propagator was present in a massless graph which had the form of the second term of (2.5) then it would be infrared singular. That it is not an issue for (2.1) is because in six dimensions such a propagator is by contrast infrared safe even in scalar field theories unlike in four dimensions. Therefore, this observation radically reduces the number of Feynman graphs to be computed. One downside is that there are more integrals to determine but this is surmountable as we will indicate later. One concern which may arise with the expansion approach is that symmetry factors in the 2-point function may not be set in such a way that after expansion the term relating to the vertex has the incorrect factor. We have checked that it is the case to three loops. We illustrate this at one loop. There the basic one loop self-energy graph has a symmetry factor of 1 2 but the one loop 3-point vertex has a unit symmetry factor. However, using (2.5) there are two O(m 2 ) terms which cancel the factor of 1 2 so that everything tallies. One final point resides in the determination of the renormalization of the mass operator 1 2 φ 2 in (2.1). It transpires that in this theory the mass and coupling constant renormalization are equivalent. This is implicit in the algorithm we discussed for the determination of the latter and has already been noted in, for instance, [23, 24] . So in (2.1) no extra computation has to be carried out. However, for (2.2) the mass and coupling constant renormalization constants are different. This is evident in the algorithm we have introduced. Both can be determined using our method of only computing the graphs for the 2-point function by extending (2.5) and mapping each massless propagator with
after the graphs have been generated with Qgraf. We have included the group theory structure on the propagators and m 2 i are parameters of the dimension of a mass. These parameters are included as a label to distinguish which term is which when one comes to extract the various wave function, mass and coupling constant renormalization constants in the sum of all the contributions to our 2-point function. That involving m 1 corresponds to the mass operator. The final term of (2.6) with label m 2 corresponds to the zero momentum insertion for the renormalization of the coupling constant g. The index k e in (2.6) is the index associated with the third leg of the 3-point function and is a fixed free external index.
Having discussed the method to isolate the necessary graphs and integrals contributing to the wave function, coupling constant and mass operator renormalization constants we now discuss the method used to determine their divergent part. The approach is to use the Laporta algorithm, [42] . This is a systematic application of integration by parts to establish towers of relations between integrals which are then solved algebraically to express all integrals in terms of a relatively small set of basic integrals which are called masters. The values for these have to be determined directly as integration by parts can no longer be used. Once these are found then the integration algorithm is complete and we run an automatic determination of the respective Green's functions to find the underlying renormalization constants. Crucial to this is the symbolic manipulation language Form, [43] , and its threaded version Tform, [44] , which we use extensively to handle the large amounts of algebra. This arises since the reduction to masters produces relations where the coefficients are large rational polynomials in d. Not only have these to be expanded in powers of ǫ and the masters substituted but the denominators may contain factors of (d−6) which are termed spurious poles. Thus not only have the polynomial coefficients to be expanded to higher order in ǫ but some masters need to be evaluated to a precision beyond the simple pole. Even for the simple scalar theory, (2.1), where there are no tensor integrals certain graphs become tedious to evaluate. For the present four loop computation we have used the Reduze package, [45] . One useful feature is that the output relations between integrals can be readily converted to Form input notation and thus included as a module within the automatic Form evaluation.
The final ingredient in the algorithm is the explicit values for the master integrals. This requires a method other than integration by parts and we have adapted several approaches which have been used for similar problems in other contexts such as [45, 46] . In addition we were able to exploit a feature of Reduze which means that we could do this systematically. By this we mean the following. When the relation between integrals are solved in Reduze the algorithm has some internal criterion for determining which integrals are to be used as the masters in terms of which all other integrals are expressed. This is not always the best choice for the calculation of interest. For instance, some of the masters may be simple self-energy graphs where each subgraph is itself a lower loop self-energy graph or products of lower loop graphs. Such integrals are straightforward to determine and are retained in the set of masters. However, more difficult integrals remain such as those which are primitively divergent and it is their simple and only pole which will be needed. The feature of Reduze which one exploits is that one can specify a set of integrals which the package identifies as the masters. This is done after the initial reduction has been determined and a database constructed, [46] . Therefore, we have chosen a set of basic master integrals which, aside from those which are simple to evaluate, are finite using Weinberg's theorem, [47] . This technique has been elaborated on recently in [48] . While this may seem to resolve the computational algorithm one has to be careful. This is because of the problem of spurious poles in ǫ which means that not only the leading term of these finite integrals are required, but sometimes also several terms in powers of ǫ. However, one also has to have some information on a master choice to be able to solve for these and other required coefficients.
To do this we use the known four loop self-energy master integrals given in [46] . These were determined by application of the glue-and-cut method of five loop primitive massless vacuum diagrams to varying orders in the ǫ expansion. The results are consistent with a subsequent independent numerical sector decomposition evaluation given in [49] . Analytic evaluations were also developed thereafter in [50] to even higher powers in the ǫ expansion compared to [46] . The only problem is that those masters were computed near four and not six dimensions which is the dimension we require them for to complete our master integral determination. This is achieved by using the method of [51, 52] . It allows one to relate a d-dimensional integral to a set of integrals in (d + 2)-dimensions. The latter set will always be of the same topology as the original lower dimensional one but with increased propagator powers. Indeed if the d-dimensional integral has P propagators then the (d + 2)-dimensional integrals will have (P + L) propagators by simple power counting where L is the number of loops. In our case if the four dimensional integral is a known master then it can be related to the as yet undetermined six dimensional integral. Though to do this one has to use the Reduze database to effect the reduction to the unknown master and a set of previously evaluated masters. In other words if one builds the system of master evaluation from integrals with low numbers of propagators then one can move up the tower of unknown masters systematically until all the ones required for the renormalization have been found. In the list of masters given in [46] there is enough information in terms of the ǫ expansion there in (4 − 2ǫ) dimensions to ascertain all the Feynman graphs contributing to the full renormalization of (2.2) to four loops. To assist with future work we have recorded the values of certain integrals in (6 − 2ǫ) dimensions in Appendix A. Rather than present the ones used in our efforts, so that others are not restricted to our particular basis of masters, we have presented the values for the same topologies given in [46] . These integrals were denoted by M i and we have given several to quite a high order in ǫ. This was partly because of the spurious pole problem. As a simple check on this evaluation of the four loop masters we have followed the same procedure at three loops using the three loop four dimensional masters given in [46] . When these were included in the automatic three loop renormalization we correctly reproduced the results of [22, 23, 24] . While a simple check we also had to do this exercise anyway as we needed higher terms in ǫ at three loops since each three loop integral will be multiplied by counterterms. Hence they contribute to the four loop renormalization constants. Finally to effect the renormalization within the automatic computation we follow the method of [41] . In this one computes the Green's function in terms of the bare coupling constant. Then after all the graphs have been summed the bare variable is rescaled by the coupling constant renormalization constant. This systematically introduces the appropriate counterterms automatically and the overall remaining divergence in the sum is fixed by the associated unknown renormalization constant. One advantage of this approach is that it avoids the subtraction at the level of individual diagrams which is tedious and not possible to encapsulate easily in an automatic symbolic manipulation algorithm. Finally, with this we have provided all the computational pieces to fully renormalize six dimensional φ 3 theory in the MS scheme at four loops.
Results.
We are now in a position to formally record the renormalization group functions at four loops for various formulations of six dimensional φ 3 theory. Throughout all our results will be in the MS scheme and we have included an electronic file data with the main results of the article. For (2.2) we have
and
where ζ z is the Riemann zeta function. As a check we have reproduced the three loop results of [23, 24] and moreover, the non-simple poles in ǫ in the four loop renormalization constants correctly emerge. Their residues depend on the poles in ǫ at the previous three loops. A comment on our conventions is in order at the outset in relation to other papers. As is usual, [23, 24] , we have absorbed the common factor of S(d)/(2π) d , where S(d) is the surface area of the ddimensional unit sphere, into g 2 . This factor plays no role in the values of critical exponents. Also in comparison with [23, 24] our renormalization group functions are defined with an overall factor of 2 different. This will be our convention throughout this and later sections. Finally, to map our results to [23, 24] and later to [20, 21] the sign of g 2 needs to be reversed.
For the mass operator
the anomalous dimension is
The three loop piece agrees with [23, 24] and we note that we have followed the convention used there to include the wave function renormalization constant as part of the operator renormalization constant. We have checked that γ O (g) is equivalent to the β-function when the expressions are reduced to the single coupling theory (2.1). In the conventions of [23, 24] the relevant relation is 3 2
for (2.1). For completeness we reproduce the independent renormalization group functions for (2.1) which are
which will be relevant to the Lee-Yang edge singularity problem.
As a final application of the renormalization it is interesting to consider the situation when the φ 3 theory is endowed with SU (N c ) symmetry. Such theories were considered at two and three loops in [53, 54] as simple models of the strong interactions in four dimensions and N c denotes the number of colours. The motivation was partly due to the six dimensional theory being asymptotically free and so it could have parallel properties to QCD. Indeed this was in part the starting point for the study in [25] . The other motivation in [53, 54] rested in the idea that the ultraviolet properties of one theory could be regarded as being driven by the infrared behaviour of another. So the aim in [53, 54] was to determine the relevant d-dimensional critical exponents. In light of the recent development of the conformal bootstrap method which aims at examining the fixed point properties of various scalar theories, we will therefore extend the results of [53, 54] to four loops. This is in order to provide complementary data for future bootstrap studies. In [53, 54] two φ 3 theories with underlying SU (N c ) symmetry were considered. The first scenario was when the tensor d ijk is identified as the totally symmetric rank 3 tensor in SU (N c ). In this case the group invariants become
where the two loop expressions for β(g) and γ φ (g) are in agreement with [53] when converted to the conventions used there. For large N c the β-function is an alternating series. One interesting case is when N c = 4 when the β-function has a Banks-Zaks type fixed point, [14] , in strictly six dimensions since
The second case considered in [53, 54] was when the symmetry group is SU (3) × SU (3). We summarize the relevant background to the construction of that Lagrangian, as it is more involved than the previous case, before detailing the extraction of our results. The main ingredient is that φ i becomes a complex field and the Lagrangian (2.2) is extended to group to
To implement the SU (3) × SU (3) symmetry the coupling tensor is defined by
where the Greek letter subscripts take the values 1, 2 or 3 and ǫ αβγ is the Levi-Civita symbol. The matrices T i are related to the unit matrix and the SU (3) group generators. In other words 0 ≤ i ≤ 8 and
with the remaining eight objects corresponding to the SU (3) group generators. The normalization of T 0 αβ is chosen, [53, 54] , so that for the nine objects spanning the group we have
With this convention we have the simple rule for the full set of T i with 0 ≤ i ≤ 8 that
These relations are crucial in evaluating the products of the coupling tensors within the renormalization group function determination. We note that unlike [53, 54] our convention is to base the definition of the SU (3) × SU (3) tensor d ijk on the SU (3) group generators themselves rather than the Gell-Mann matrices used in [53, 54] . With this construction the fields are in the
To renormalize (3.10) we constructed the relevant set of Qgraf diagrams to three loops. As noted in [54] the number of Feynman diagrams is substantially less than that of the real scalar theory (2.1). This is because not all the basic topologies survive when the field is complex. It is simple to see this as each line of a graph must have an arrow representing the charge. In addition from (3.10) the two vertices are represented by the convergence or divergence of three directed lines where all lines either have the arrows directed to the point or directed away from the point. Therefore, to see which topologies survive from the real theory one merely takes the topology and endows its lines with arrows consistent with these rules. If this results in a graph with any vertex where not all arrows converge or diverge then it is absent or excluded. It transpires, for instance, [54] , that any graph with a subgraph with an odd number of propagators will immediately vanish. We have checked this by carrying out the full three loop renormalization explicitly with the Lagrangian (3.10). Moreover, the renormalization group functions to this order are the same as (3.1) and (3.2) but with T 3 = 0 and T 72 = 0. The first invariant corresponds to the basic one loop triangle 3-point function. So it is clearly absent, [54] . Given this observation with regard to the renormalization group functions already determined then the four loop expressions will be given by excluding those invariants in (3.1) and (3.2) which correspond to absent topologies. It is straightforward to check that of the set given in (2.4) only T 94 passes the test and the remaining four loop invariants are excluded from the renormalization group functions. At this stage we have only argued for the consequences of the renormalization group functions when one has a φ 3 theory of the form (3.10). For the SU (3) × SU (3) case we need the explicit values of the non-zero invariants T 2 , T 5 , T 71 and T 94 . Using the properties for this group discussed above we find the values
in our conventions. We note that, [54] , while the two loop nonplanar topology corresponding to T 5 passes the arrow test it actually vanishes for the specific SU (3) × SU (3) group. For other groups T 5 may be non-zero. These result in
in the MS scheme.
The two loop expressions given in (3.16) are in accord with [53, 54] . That they do not agree with the three loop results is because (3.10) was renormalized in a different scheme. The scheme of [54] is what is now termed the momentum subtraction scheme which was developed later in [56] for QCD. Briefly the coupling constant renormalization constant is defined, [54] , by requiring that there are no corrections beyond the tree term when the vertex function is evaluated at the fully symmetric point where the values of the square of the external momentum of each leg are equivalent. For (3.10) when the symmetry group is SU (3) × SU (3) the constraint from the group theory meant only one three loop graph needed to be determined at this subtraction point. Moreover, only the residue of the simple pole was needed for the three loop momentum subtraction β-function. The finite part would be necessary for the four loop correction. That γ φ (g) agrees at two loop is perhaps somewhat surprising given that only the leading term of this is independent of the renormalization scheme. In (3.10) the agreement at two loop appears to be purely coincidental rather as deriving from some property of the two renormalization schemes. However, we do actually have a check on the three loop computation which comes via the critical exponents computed in [53, 54] at the Wilson-Fisher fixed point. While the renormalization group functions are central to the evolution of Green's functions for a range of scales, the critical exponents at a fixed point are renormalization group invariants. So they have the same value in all schemes. In [53, 54] the d-dimensional momentum subtraction scheme renormalization group functions were provided. In other words the finite parts of the underlying momentum subtraction scheme renormalization constants manifest themselves as O(ǫ) terms in β(g) and γ φ (g). If one were merely interested in purely six dimensions the O(ǫ) terms would have been absent in the expressions given in [53, 54] . More crucially, if they were excluded from a Wilson-Fisher fixed point analysis the derived exponents would not be renormalization group invariants. By contrast, in MS there are no O(ǫ) terms in the coefficients of d-dimensional renormalization group functions aside from the O(g) term of β(g) which defines the dimension of g in d-dimensions. This is because by definition in the MS there are no finite parts in the renormalization constants. Therefore, from our MS expressions (3.16) we have
where there is no O(ǫ 2 ) term in η. Comparing the three loop exponents with the corresponding expressions given in [53, 54] we find exact agreement. This is reassuring since the original three loop computation and the present one were in different schemes. However, using the MS scheme, where we were able to simplify the computation of the divergence structure of the 3-point functions, has allowed us to proceed to a higher loop order for these exponents than would be currently possible in a momentum subtraction scheme.
4 Lee-Yang edge singularity.
Equipped with the renormalization group functions we can now study several problems at a new order in the perturbative expansion. For the first major application of our results we turn to the Lee-Yang edge singularity problem which as elucidated in [29] is related to φ 3 theory but with a purely imaginary coupling constant. In terms of the results in the previous section this requires setting d ijk = i in the initial Lagrangian to produce the values
Alternatively one can use the mapping g → ig in (3.6). The key quantity of interest for the Lee-Yang problem is the critical exponent σ which is related to the anomalous dimension of φ of (2.1) through the hyperscaling law
in d-dimensions. With d = 6 − 2ǫ determining the critical coupling constant in d-dimensions and expanding the φ field anomalous dimension at that point we find
where the terms to O(ǫ 3 ) are in agreement with [24] but expressed in our conventions for d. Table 1 . Critical exponents η and σ estimates using Padé approximants. Table 2 . Critical exponents η and σ estimates using Padé-Borel method.
As the Lee-Yang singularity problem stretches across dimensions to d = 1 one has to be careful in using the perturbative expansion for large values of ǫ. Therefore, to gain estimates for σ we have used Padé and Padé-Borel resummation for η and then evaluated σ through the scaling law. The results for both are given in Tables 1 and 2 where we have used a [2, 1] approximant at three loops and [3, 1] at four loops. We have included the three loop results of [24] for comparison. From Table 1 it is evident that for dimensions close to 6 convergence appears to be present from three to four loops for σ. The large discrepancy in η estimates down to d = 4 seems to get washed out in the scaling law. A similar feature is apparent in Table 2 Tables for these values is worse than the three loop ones. This might have been expected as naively setting a value for a parameter to be of order 2 in a summed perturbative expansion will mean the larger O(ǫ 4 ) term will dominate. One way to handle this is to use a constrained Padé as discussed in [32] .
The results are given in Table 3 where we have reproduced the constrained three loop [3, 2] results of [32] and given our four loop [4, 2] Padé estimates. The constraints are included for completeness. Results from other methods are included for comparison. These include a strong coupling expansion [32] , as well as two Monte Carlo methods which are based on critical behaviour in problems seemingly unrelated to the Lee-Yang singularity problem. These are termed (lattice) animals and fluids with the former originating in polymers in a solvent and the latter related to pressure in fluids where there is a repulsive core, [30, 31] . The final column in Table 3 are recent results from a conformal bootstrap analysis, [33] . With the inclusion of the exact results for low dimension in the Padé approximant not only is there better convergence for d = 3 from three to four loops but there is remarkable agreement with the values from [32] . For the other methods the four loop estimates lie within error bars except compared to the d = 3 value for the fluids method. In light of this it is worth commenting on why we presented Tables 1 and 2 in the first place. This is partly to make contact with [24] . More crucially given that we will be using Padé approximants later for other problems down to low dimensions it is important to be aware of the potential limitations of the technique in the absence of known exact two dimensional conformal field theory exponents. As exact results are known for d = 1 and 2 here we can gauge how far off estimates may be for these dimensions. The d = 3 values for σ in Tables 1 and 2 are perhaps not reliable but those for d = 4 and 5 are in keeping with those of the other methods listed in Table 3 . 
Percolation.
We now turn to the application of the renormalization to the percolation problem which requires the evaluation of the tensors (2.4) for a specific configuration. The percolation problem is described by the replica limit in the (N + 1)-state Potts model [34] which in the case of (2.2) corresponds to a special designation of the coupling tensor d ijk . A straightforward way of mapping to the Potts model was provided in [57] which involves a set of vectors, e i α . These (N +1) vectors describe the vertices of an N -dimensional tetrahedron and allow one to decompose d ijk as for summations over the original indices denoted by i. It is the form of the final relation which means that the evaluation of the underlying tensors (2.4) requires special care. In [24] a diagrammatic method was outlined to handle the lower rank tensors. However, we have written a Form routine to reproduce the evaluations given in [24] and then applied it to the cases T 9m for 1 ≤ m ≤ 9. Such a systematic path seems more appropriate since the diagrammatic method is tedious at three loops as it involves seven sums but manageable for only two tensors. At four loops the nine summations for nine independent tensors is not straightforward. For arbitrary N we have where we present the expressions in the same format as [24] and have included the known values from [24] for completeness but with T 72 factorized further. Although there are two instances of three tensors giving the same value for this tetrahedron configuration, it is clear from the underlying Feynman diagram defining the tensors that the graphs themselves are topologically distinct. This should not be a surprise since in QCD, for example, when one examines high loop diagrams different topologies can have the same combination of colour group Casimirs multiplying them. Taking the N → 0 replica limit gives the values we require for the evaluation of the critical exponents for the percolation problem. We have With these values we have computed various critical exponent in powers of ǫ to O(ǫ 4 ). Using 
The exponents η, η O and ω are obtained from the corresponding renormalization group function and γ and ν are deduced from the scaling relations
With these we have repeated the exercise of the previous section to obtain Padé and Padé-Borel estimates of various critical exponents following the method of [24] . There estimates were found for η and η O and then values for γ and ν were obtained from the scaling laws. Our results are contained in Tables 3 to 7 with those at three loops agreeing with [24] and included for comparison with the four loop estimates. The three loop estimates for ω are in accord with those given in [58] .
Overall a similar feature emerges as for the Lee-Yang edge singularity estimates in that down to four dimensions there is reasonable convergence but below this the results are not as Table 4 . Critical exponent estimates using Padé approximants to three loop expressions. Table 5 . Critical exponent estimates using Padé approximants to four loop expressions.
reliable. This situation was ameliorated by exploiting known results in two dimensions and using this as a constraint or boundary condition on the Padé approximant. Therefore, we have followed this procedure again and constructed constrained Padé approximants to ν, γ and ω from their respective exact two dimensional values of Table 8 . There the two dimensional values of η and the exponent β agree with their known exact values. The latter exponent as well as σ and τ , which are deduced from hyperscaling laws from the previous columns in the table, are included for comparison with results from other methods. In this respect Table I of [60] gives a comprehensive summary of estimates for these exponents. To compare we have included the results of the computation of ν, γ, η and β, [60] , in Table 9 which used a high temperature series method. Though it is worth noting that a more recent study, [61] , has obtained estimates for γ which are equivalent to the those of the high temperature series of [60] . In [61] the series was extended beyond the 15th order of [60] . Examining the results given in Tables 8 and 9 on the whole the constrained Padé estimates are in reasonable consistency with the central values of [60] . Perhaps more significantly the three dimensional estimates from the perturbative approach are in line not only with [60] but results from other methods as is evident from Table I of [60] . There the perturbative estimate of 0.34(4) was quoted for β, for example, but that of Table 8 is more in line with other methods now. One exponent not covered by the summary table of [60] is the correction to scaling exponent ω. Two studies of ω using Monte Carlo methods are given in [62] and [58] which give results in three and four dimensions respectively. These are 1.62(13) and 1.13 (10) . Other estimates in three dimensions are 1.61(5), [63] , and 1.77(13), [64] . Our estimates in Table 8 are in remarkable agreement in three dimensions and within the error of [58] in four dimensions. With the results in Tables 8 and 9 and the close tally it gives support to the earlier observation that the usual Padé approximant is only really competitive down to four dimensions. Below that the summation fluctuates as is apparent from the four loop estimates and does not capture the exact two dimensional picture. Hence results down to four dimensions should only be considered. For the remaining two exponents σ and τ we note that the estimates for τ are in good agreement over all dimensions in comparison with Monte Carlo estimates given in Table I of [61] . An estimate for σ of around 0.452-0.454 is given there too but only in three dimensions. So our value is below the central value. The remaining two columns in Table 9 correspond to estimates for σ and τ from [63, 65, 66] . Again the constrained Padé estimates are not dissimilar to the central values. Table 6 . Critical exponent estimates using Padé-Borel method for three loop expressions. Table 7 . Critical exponent estimates using Padé-Borel method for four loop expressions.
We close this section by recording the renormalization group functions for the N = 2 case. While this is not directly related to the percolation problem it does correspond to a specific Potts model and so we give the relevant expressions for completeness here. The main reason for treating this case specially lies in the nature of the group invariants T n given in (5.4). From the explicit values most vanish at N = 2. If one analyses the underlying Feynman graph which each invariant relates to, then the non-zero invariants have the same feature as the SU (3) × SU (3) theory analysed earlier. Though they have no other connection aside from the graphical one. This similarity is that when T n is non-zero the corresponding Feynman graph has no subgraph with an odd number of Feynman propagators. If any T i = 0 then there is at least one subgraph with an odd number of propagators. This is clearly the case for T 3 which is the one loop triangle. So in (3.1) a large number of terms are absent. Moreover, the non-zero values of T n are T 2 = 9 , T 5 = 81 , T 71 = 729 , T 94 = 6561 (5.9) which are all powers of 3 in contrast to (3.10) where the non-zero invariants were powers of 1/2 and T 5 is non-zero here. With these values the renormalization group functions are 6 O(N ) symmetric theory.
We now turn to another version of φ 3 theory which is the one endowed with an O(N ) symmetry. It has been considered recently in [18, 20, 26, 27, 28] in the context of the conformal bootstrap programme as a way of accessing five dimensional quantum field theories with a conformal symmetry. The basic Lagrangian in this case is
where there is an O(N ) multiplet of fields φ i together with a single scalar field, σ. To ensure these fields produce a renormalizable Lagrangian in six dimensions there are two massless coupling constants g 1 and g 2 . For ease of comparison with [18, 20] we use the same notation as those articles. As the main interest in this section is the extension of the three loop analysis to the next loop order and as the computational techniques have already been described we will mention only those features which are new to this calculation. First, with the extra fields we have carried out the full computation rather than identify the group structures of section 3 with those of the O(N ) symmetric Lagrangian as was noted in [20] . While this may seem to be inefficient it is actually a necessary first step in the derivation of the renormalization of the mass operators of the fields in (6.1) which we will discuss later. What is worth noting is the number of 2-point graphs which are required for the renormalization of (6.1). For φ i there are 1, 5, 48 and 637 one, two, three and four loop graphs respectively. The corresponding numbers for the σ 2-point function are 2, 7, 60 and 723. The resultant four loop field anomalous dimensions are where the order symbol refers to any combination of the two couplings. As we do not use the method of subtractions but follow the automatic renormalization algorithm of [41] the cancellation of the double, triple and quadruple poles in ǫ act as a useful computational check. Moreover, we correctly reproduced the three loop results given in [20] .
For the two β-functions, β 1 (g 1 , g 2 ) and β 2 (g 1 , g 2 ), we again do not need to compute any nullified 3-point vertex graphs but instead use the method outlined in section 2 where the propagators of each field had an extra term. In terms of graphs this means we avoid computing 6455 graphs at four loops for g 1 and 6681 for g 2 . However, in expanding the propagator within a graph to reproduce the corresponding nullified 3-point vertices, one has to label the extra term of the φ i propagator with the coupling constant g 1 . This is because this is the only vertex with two φ i fields. Equally the additional term for the σ propagator is labelled with g 2 . Once this step has been achieved the renormalization process outlined for the basic φ 3 Lagrangian is followed. The result is the two β-functions As with the two field anomalous dimensions we have reproduced the three loop expressions given in [20] and equally recovered the expressions given earlier for (2.1) when N = 0. This comparison is made with reference to the comments on our conventions. In particular the leading term of each β-function derives from our choice of d = 6 − 2ǫ and the factor of 2 in our definition of the renormalization group functions in comparison to [20, 21] .
To complete the four loop renormalization of (6.1) we compute the renormalization group functions associated with the two mass operators which we will denote by
These two operators have the same canonical dimension of 2 and therefore mix under renormalization. Here we note that our canonical dimension convention derives from the dimensionality of the associated coupling constant of the operators in a Lagrangian. This is an important distinction and is motivated in part for later discussion in relation to checks with the large N expansion of critical exponents. In other words denoting the bare operators with a subscript o
where Z ij is the mixing matrix of renormalization constants. These produce a mixing matrix of mass anomalous dimensions denoted by γ ij (g 1 , g 2 ). To extract the renormalization constants one ordinarily inserts the operators into separate φ i and σ 2-point functions of all possible 1-particle irreducible Feynman graphs and follows the normal procedure. However, as the operators do not involve derivatives there is no complication with mixing into total derivative operators. Moreover, this means that for the determination of the MS renormalization constants the operators are inserted with no momentum flowing in or out of the vertex itself. This is a standard method and reduces the problem to a simple 2-point function computation. In the context of the underlying φ 3 interaction this leads to a similar computational simplification which we exploited before. Again one need not generate any more Feynman graphs than those already used for the wave function renormalization. Similar to the coupling constant we expand each φ i and σ propagator as if there was a respective mass present using the mapping
The additional complication here is that one has to to label the O(m 2 ) term to indicate whether that insertion is from a φ i or σ field mass term. By contrast if one instead evaluated the 3-point functions with a nullified operator insertion then there would be 4 one loop, 38 two loop, 722 three loop and 13136 four loop graphs to determine for the mixing matrix in total at each loop order. Following the procedure for renormalizing a mixing matrix we find the elements of γ ij (g 1 , g 2 ) to four loops are The immediate checks on these expressions are the internal ones similar to those alluded to for the wave function and coupling constant renormalizations. Specifically the higher order poles in ǫ in the renormalization constants are not independent but depend on the lower order simple poles. That these higher order poles correctly emerge indicate that the procedure is not inconsistent. We note that unlike the expression given in (3.4) we have not included the wave function renormalization constants in the determination of the renormalization constants of the mixing matrix as is the usual procedure for a set of operators. See, for instance, [67] for a similar renormalization in QCD.
A more appropriate check on our results rests in comparing with results from another quantum field theory. This is possible through the presence of the O(N ) symmetry which means that the anomalous dimensions can be extracted using another expansion method which is the large N expansion. While this was noted in [20] it is worth summarizing the background to the large N technique because of the overlap with the renormalization group at a critical point. If the β-function has a non-trivial fixed point at the value g c , where this could also represent a vector of coupling constants such as we have here, then the renormalization group functions evaluated at g c are termed critical exponents which are renormalization group invariants. Moreover at a fixed point the critical exponents from field theories which are invariably different in nature can be the same. This universality is the key to our large N checks. Here the relevant scalar field theories which lie in the same universality class as the O(N ) nonlinear σ model, O(N ) φ 4 theory and (6.1). The former two ordinarily reside in dimensions less than six and are respectively perturbatively renormalizable in two and four dimensions. In dimensions differing from their canonical dimension they may cease to be perturbatively renormalizable. Instead they are renormalizable above their canonical dimension in the sense that at their Wilson-Fisher fixed point in d-dimensions the critical exponents can be determined in the large N expansion. As N is a dimensionless parameter, which remains dimensionless in d-dimensions unlike the coupling constant in dimensionally regularized perturbation theory, then the quantity 1/N becomes a valid parameter for a perturbative expansion when N is large. Since the critical exponents can be computed to several orders in 1/N and in d-dimensions and because they are related to the critical renormalization group functions, they contain information on the anomalous dimensions of all theories in the same universality class at that fixed point. For the case we consider here, (6.1), the critical exponents corresponding to the two wave function renormalization constants and masses are known to O(1/N 2 ) in d-dimensions and for φ i to O (1/N 3 ) , [35, 36, 37, 38] .
To be more specific and make contact with earlier work, [35, 36] , it is worth recalling the situation for O(N ) φ 4 theory and define the relevant critical exponents. The form of the Lagrangian which is most appropriate is
where σ is regarded as an auxiliary field which if eliminated produces the usual φ 4 Lagrangian. The single coupling constant g here appears with the quadratic term in σ as it is in this particular form that the large N evaluation of the critical exponents is developed at high order in 1/N , [35, 36, 37] . Moreover, this formulation allows one to observe which theories lie in the same universality class. For instance, the O(N ) nonlinear σ model has a similar formulation but the final term is linear rather than quadratic in σ and has a different coupling constant which is dimensionless in two dimensions. Moreover, there is a similarity to (6.1) from the point of view of the interaction but the six dimensional theory has an additional coupling. However, only one of the critical points of (6.1) is in the same universality class as (6.11). As a point of reference we use similar notation to [35, 36] to define the full scaling dimensions of the fields. In [35, 36] the critical exponents of φ i and σ wereα andβ respectively. It should be noted that these are not related to the physical exponents of earlier sections and are distinct to this section. We have modified the notation of [35, 36] here for the full dimension of the fields to avoid confusion with the usual use of α and β as critical exponents. In terms of the anomalous contributions they are defined byα =
where η is the anomalous dimension of φ i and χ is the anomalous dimension of the interaction of (6.11). The canonical dimension ofβ is in keeping with our mass operator canonical dimension convention. In terms of the renormalization group functions of (6.1)
Using (6.4) and (6.5) we have determined the location of fixed point in the large N expansion, (g 1c , g 2c ), and evaluated the field anomalous dimensions to the orders in 1/N to which they are known. It is satisfying to record that we find total agreement with our expressions.
It is possible to repeat this check for γ ij (g 1 , g 2 ) which requires some care. In the φ 4 formulation of the universal theory at the fixed point, (6.11), the critical exponents of the two masses are straightforward to deduce. That for O 1 was discussed in early sections and in fact is equivalent toβ above. The critical exponent for O 2 can be deduced from the final term of (6.11) . In relation to extracting information on the β-function of O(N ) φ 4 theory in the neighbourhood of four dimensions the relevant critical exponent is denoted by ω and is proportional to the critical slope of the β-function. However, in relation to the equivalent theory defined in six dimensions that exponent would give the mass anomalous dimension of σ as is evident from the form of the final term of (6.11). Therefore, in terms of the exponents the critical point mass dimensions of the two mass operators are
(6.14)
The remaining matter is to reconcile this argument with γ ij (g 1 , g 2 ) at criticality and check if the exponents computed from it at the large N fixed point agree with the above known exponents at O(1/N 2 ). The key to this is to compute the eigen-anomalous dimensions of γ ij (g 1 , g 2 ). These are given by
where the discriminant is given by
and we have included the canonical dimension of 2 here. In [20] it appears that the canonical dimension of (d − 2) was used for the mass dimensions based on the dimensions of the constituent fields. However, here we retain the value of 2 as that convention is essential in getting consistency with this particular check between different theories. Evaluating γ ± (g 1 , g 2 ) at the point (g 1c , g 2c ) and expanding to O(1/N 2 ) we find that γ − (g 1c , g 2c ) agrees exactly to four loops with ∆ 1 . Similarly γ + (g 1c , g 2c ) is in precise agreement with ∆ 2 to the same accuracy. In particular the canonical dimension of 2 is crucial for ensuring the consistency of the latter as it derives from the exponent ω in the O(N ) φ 4 theory and that exponent near four dimensions corresponds to corrections to scaling rather than a mass operator. We regard these large N comparisons and in particular the second on the mass operators as non-trivial checks on our perturbative computations. It is worth mentioning that a one loop evaluation of a mass mixing matrix was given in [18] as well as a two loop version for the related Sp(N ) version of (6.1) in [21] . The renormalization group functions of the Sp(N ) symmetric version of (6.1) are related to those of the O(N ) theory by replacing N in each expression by (−N ). However, as far as we can see both of the mass mixing matrix computations appear to have included 1-particle reducible diagrams. Low order in ǫ checks of the critical exponents with respect to the large N mass operator exponents were discussed in [18, 20] .
One of the motivations of extending the three loop results of [20] to the next loop is to examine the critical point structure of the O(N ) two coupling theory. In [20] it was noted that there are various critical value of N for which the fixed point structure has different properties. For instance for N > N cr there are three distinct critical points at real values of g 1 and g 2 which are perturbatively unitary. In addition for values of N in the range (N ′ cr , N ′′ cr ) there are non-unitary fixed points. In [20] the values of these critical values of N were computed in an ǫ expansion from the three loop β-functions building on the one loop work of [25, 18] . Therefore, we extend those estimates here using (6.4) and (6.5) and use the same notation and method but in our conventions. First, we introduce the new scaled coupling variables x and y by
where we recall d = 6 − 2ǫ. The presence of i here is to be consistent with [20, 21] given our coupling constant conventions. Then to find the critical couplings and N cr one solves the set of equations
where the final equation is the condition for at least one zero eigenvalue of the Hessian of the matrix of derivatives of the β-functions. Solving the resultant three equations perturbatively in d-dimensions there are three solutions which we designate A, B and C. Table 11 . Estimates of critical value of N and location of fixed points for solution B in five dimensions using Padé approximants.
We have checked that the results to O(ǫ 3 ) agree exactly with those given in [20] . With the O(ǫ 3 ) terms now present we can revisit the analysis of the location of the boundaries for the unitary versus non-unitary theories for five dimensions. In [20] a value of N cr = 64.253 emerged by setting ǫ = 1 2 in N A cr . This is a significant distance from the leading value of 1038.266. As the O(ǫ 3 ) correction is both large and has a positive sign this means that the estimate for N cr will increase. Using the simple substitution approach then N cr = 516.963 which is larger than expectations from other methods. However, this large increase is perhaps more indicative of a lack of convergence and it seems more appropriate to estimate N cr by using Padé approximants. Using a [0, L − 1] Padé approximant for the Lth loop we find the values given in Table 10 . It appears that the value of N cr settles to around 400 which while larger than the three loop estimate given in [20] is significantly smaller than the leading value. The corresponding values for solutions B and C are given respectively in Tables 11 and 12 . In both instances the values of N cr appear to converge to 1.05 and 0 respectively. Indeed for B the O(ǫ 3 ) correction confirms the observation of [20] that N ′ cr > 1. One interesting application of our analysis is to compare estimates for the dimension of φ with recent estimates using the conformal bootstrap method of [28] . There the N = 500 theory was considered directly in strictly five dimensions and the estimate of ∆ φ = 1.500409 was given. Using the four loop term and a Padé approximant we find the estimate of ∆ φ = 1.500537 compared to a value of 1.500976 using the three loop expression. While not precisely on top of the other two methods there is a hint that a five loop computation may bridge the difference.
As our final part of the analysis we briefly consider several low values of N in order to extend the results of [25, 18, 20] where N = 0 and 1 were considered. The former value has been already considered in section 3 as it is the case of purely one field. For N = 1 there are two non-trivial fixed points one of which is stable at g 2 = 6 5 g 1 to leading order in ǫ and the other is at g 1 = g 2 exactly, [25, 20] . For this unstable one the Lagrangian can be rewritten in such a way as to have a double copy of the basic theory (2.1) and it is believed that the flow is away from the unstable case to the infrared stable fixed point, [20] . Given our four loop analysis it is a simple exercise to extend the expressions for the critical exponents at each fixed point to the next order in ǫ. At the g 2 = g 1 fixed point we have
for the dimensions of the fields and
for the eigen-critical exponents of the matrix 6.25) at the fixed point. In (6.24) we use the convention that d is not added to the eigenvalues of ω ij and also note that the signs of the leading terms confirms the fixed point is unstable. In addition
for the mass matrix eigen-exponents which shows ∆ + = ∆ σ . By contrast at the infrared stable point we have
We note that our expressions for ω i agree with [20] at three loops when the different conventions are accommodated. Clearly ∆ − = ∆ σ as expected, [20] , in contrast to the situation at the unstable fixed point. There the other eigen-exponent of the mass matrix was equivalent to the field dimension for N = 1. In Appendix B we have recorded the field and mass eigen-exponents for a variety of values of N for the three fixed points that occur in the solution of β i (g 1 , g 2 ) = 0. The specific cases we considered are those chosen in [28] for a conformal bootstrap analysis. The same feature which has just been noted is apparent there. In other words at certain fixed points one of the mass eigen-exponents is equivalent to the anomalous dimension of the σ field similar to the large N results. However, which mass exponent is identified depends on the nature of the underlying fixed point.
7 Discussion.
We close with various observations. First, we have carried out the four loop renormalization of φ 3 theory in six dimensions. Clearly this has been a nontrivial exercise since we had to calculate the full set of master four loop massless 2-point functions to the requisite orders in ǫ.
Though tedious due to the large amount of integration by parts required, the master evaluation rested on the corresponding known masters in four dimensions, [46] . That one can relate them was possible through the methods of [51, 52] and using general properties such as Weinberg's theorem, [47] . One of the original aims was to refine the ǫ expansion estimates of critical exponents for several physical problems. Overall the exponents we computed at the next order of precision are in reasonable accord with numerical approaches. Though the accuracy for low dimensions was driven by a deeper underlying property and that was the use of two dimensional conformal symmetry, [32] . There since critical exponents are known exactly one could constrain the exponent estimates and allow us to extract the behaviour across several dimensions. Such techniques now make the ǫ-expansion reasonably competitive, but it is perhaps in the application to the more recent studies of O(N ) symmetric theories that will be beneficial in future. One issue examined in [20] was the range of N defining the conformal window which was suggested in [20] to drop from the one loop value of N cr = 1038, [25, 18] , to around N cr = 64. Here we took a more conservative approach in applying summation techniques to suggest that while the bounding value drops, it maybe does not reduce so far as this. While successive three and four loop estimates suggest a value settling to around N cr = 400 it would be premature to regard this problem as having been resolved. It may be that the perturbative approach is not as fully equipped to give a definitive answer in comparison to, say, the conformal bootstrap machinery. Also as noted in [20] the N = 1 theory may be related to the deformed (3, 10) minimal conformal field theory in two dimensions. Therefore, if true then one could perform a similar analysis across the gap to six dimensions. It would be interesting then to try and match predictions with physical systems.
One intriguing possibility is the potential application of the universality between 2 and 6 dimensions to non-scalar theories such as those with gauge symmetry or supersymmetry. Indeed the conformal window of QCD is of interest, [14] . Akin to the connections of four dimensional φ 4 theory and six dimensional φ 3 theory one question which would be worth considering in future is what if any is the higher dimensional theory which is in the same universality class as the Banks-Zaks fixed point in QCD. To an extent there is already a parallel in QCD with what has been discussed here and in [20] for the large N connection in the scalar field theories. At the Wilson-Fisher fixed point in 2 < d < 4 it is known that QCD is in the same universality class as the non-abelian Thirring model in the large N f expansion, [68] . Here N f is the number of (massless) quarks and it is important to appreciate that the connection is with respect to this particular parameter being large as opposed to N c being large where N c is the number of colours in SU (N c ) QCD. Like φ 4 theory QCD is perturbatively renormalizable in four dimensions and the non-abelian Thirring model is renormalizable in two dimensions. Indeed this fact has been used to compute large N f critical exponents to varying orders in 1/N f in the Thirring model and demonstrate that their ǫ expansion with respect to four dimensions agrees with the analogous renormalization group functions of QCD. See, for example, [69, 70] . While parallel to the lower end of the chain of nonlinear σ model, φ 4 and φ 3 theories which are renormalizable in two, four and six dimensions respectively, what is missing in the QCD instance is the corresponding six dimensional theory. To extend the QCD chain would require an understanding of the critical point properties of a spin-1 field in contrast to a spin-0 field. We have referred to this field not as a gauge field or gluon because in the two dimensional non-abelian Thirring model the spin-1 field plays the role of an auxiliary field rather than a gauge field much in the same way that one replaces the interaction in φ 4 theory by a 3-point vertex at the expense of introducing an auxiliary field. In (6.1) this appears as σ and is the connecting field for the chain in 4 < d < 6 as well as being the Lagrange multipler field in the two dimensional O(N ) nonlinear σ model. There it imposes the constraint that the fields lie on a multidimensional sphere. So the σ field is effectively the lynchpin field which also underlies the chain of theories at the Wilson-Fisher fixed point across the dimensions. In several cases we have given terms up to the level of ζ 7 despite the fact that this number does not appear in the final renormalization group functions. It would be present in the finite parts of the various Green's functions. For compactness we have expressed the master integrals in (A.1) in the corresponding G-scheme in six dimensions which is the standard way to present them, [46] . In other words for each loop order the factor
is included. This circumvents the need to include, for instance, the Euler-Mascheroni constant γ which would otherwise appear throughout and which is ordinarily included in part in the change from the minimal subtraction to modified minimal subtraction scheme, [71] .
B Field dimensions at various fixed points.
In this appendix we give the various critical exponents for (6.1) to O(ǫ 4 ) at the same fixed points value of N as given in the appendix of [28] . This is partly for completeness but also to note interesting structure. For the various values of N considered there are three distinct fixed points which are labelled in the same way as [28] . These were termed 'critical', 'theory 2' and 'theory 3' and we retain that nomenclature here but label the exponents with the respective superscripts c, 1 and 2. The first case considered in [28] was N = 600 and the three sets of exponents are We note that the expression for ∆ 2 σ corrects an obvious typographical error in equation (A.23) of [28] . There the O(ǫ) term is not recorded although its actual coefficient appears as the coefficient of the O(ǫ 2 ) term. For the N = 1400 set the three fixed points again produces real critical exponents. Unfortunately in each set improving the series convergence using Padé approximants only applies to ∆ φ along the lines discussed in the main text for N = 500. In each case we have recorded the mass mixing matrix eigen-critical exponents in our conventions as there is an interesting feature which extends the observation in the large N comparison in section 6. In each set of exponents and values of N ∆ σ is equivalent to one of the mass eigencritical exponents. In other words for finite values of N the field critical exponent and its mass exponent are equivalent. However, the particular eigen-exponent the field dimension equates to depends on the specific fixed point. In each of the cases presented here ∆ σ corresponds to the minus exponent for the points designated critical and theory 2 but to the plus exponent for theory 3. Of the three only theory 3 has real exponents and this picture tallies with the large N checks discussed earlier.
